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Abstract 

Let K be a nonempty closed convex subset of a real reflexive Banach spaces E that 
has weakly continuous duality mapping ,ϕJ  for some guage .ϕ  Let 

NiKKTi ,,2,1,: …=→  be a finite family of generalized asymptotically  

quasi-nonexpansive mappings with ( ) ,0: 1 /≠= ≥ i
N
i TFF ∩  which is a sunny 

nonexpansive retract of K with Q, a nonexpansive retraction. For ,0 Kx ∈  let 

{ }nx  be generated by the algorithm ( ) ( ) ( ) ,1:1 n
n
jnnnn xTxfx α−+α=+  

,1,0 ≥≥ nj  where KKf →:  is a contraction mapping, and let { } ( )1,0⊆αn  be 

a sequence satisfying certain conditions. Suppose that { }nx  satisfies condition (A). 
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Then, it is proved that { }nx  converges strongly to a common fixed point 

( )xQfx =  of a finite family .,,2,1, NiTi …=  Moreover, x  is the unique 

solution in F to a certain variational inequaliy. 

1. Introduction 

Let E be a real Banach space with dual .∗E  A guage function is a con-

tinuous strictly increasing function ,: ++ →ϕ RR  such that ( ) 00 =ϕ  

and ( ) .lim ∞=ϕ∞→ tt  The duality mapping ∗
ϕ → EEJ :  associated with 

a guage function ϕ  is defined by { === ∗∗∗∗
ϕ uuxuxuJ ,,:: ⋅  

( )} ,, Exx ∈ϕ  where ..,  denotes the generalized duality pairing. In 
the particular case ( ) ,tt =ϕ  the duality map ϕ= JJ  is called the 

normalized duality map. We denote that ( ) ( ).xJx
xJ ϕ

=ϕ  It is known 

that, if E is smooth, then ϕJ  is single valued and norm to ∗w  continuous 

(see, e.g., [5]). 

Following Browder [2], we say that a Banach space E has weakly 
continuous duality mapping, if there exists a guage function ,ϕ  for which 

the duality map ϕJ  is single valued and weak to ∗weak  sequentially 

continuous (i.e., if { }nx  is a sequence in E weakly convergent to a point x, 

then the sequence { ( )}nxJϕ  converges ∗weak  to ( )).xJϕ  

It is known that ( )∞<< pl p 1  spaces have a weakly continuous 

duality mapping ϕJ  with a guage ( ) .1−=ϕ ptt  

Setting 

( ) ( ) ,0,
0

≥ϕ=Φ ∫ tdt
t

ττ  (1.1) 

one can see that ( )tΦ  is a convex function and ( ) ( ),xxJ Φ∂=ϕ  for 

,Ex ∈  where ∂  denotes the subdifferential in the sense of convex 
analysis. 
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Let K be a nonempty closed convex subset of a real Banach space E. A 
mapping EKT →:  is called generalized asymptotically quasi- 
nonexpansive with respect to sequence { }nr  and { } [ )1,0⊂ns  with 

0→nr  and 0→ns  as ,∞→n  if Kx ∈∀  and ( ),TFp ∈  the following 
inequality holds: 

( ) ,1,1 ≥−+−+≤− nxTxspxrpxT n
nn

n  (1.2) 

where ( ) { ( ) } .0:: /=/=∈= xxTKxTF  T is called quasi-nonexpansive, if 

,, KxpxpTx ∈∀−≤−  and ( ),TFp ∈  and T is called nonexpansive, 

if .,, KyxyxyTx ∈∀−≤−  It is clear that a nonexpansive mapping 

T with ( ) 0/=/TF  is quasi-nonexpansive, and it is known that every quasi-

nonexpansive mapping is generalized asymptotically quasi-nonexpansive 
(see, e.g., [7]). The converse is not true. For a sequence { } ( )1,0∈αn  and 

an arbitrary ,Ku ∈  let the sequence { } Kxn ∈  be iteratively defined by 

,0 Kx ∈  

( ) ( ) ,0,1: 111 ≥α−+α= +++ nxTux nnnn  (1.3) 

where T is a nonexpansive mapping of K into itself. 

Hapern [6] was the first to study the convergence of the algorithm 
(1.3) in the framework of Hilbert spaces. Lions [9] improved the result of 
Hapern, still in Hilbert spaces, by proving strong convergence of { }nx  to 

a fixed point of T, if the real sequence { }nα  satisfies the following 

conditions: 

( ) ( ) ( ) .0limiiiand;ii;0limi 2
1

1
=

α

α−α
∞=α=α −

∞→

∞

=
∞→ ∑

n

nn
nn

n
nn

 (1.4) 

Wittmann [12] proved, still in Hilbert spaces, the strong convergence of 
{ },nx  if { }nα  satisfies the following conditions: 

( ) ( ) ( ) .iiiand;ii;0limi 1
11

∞<α−α∞=α=α +

∞

=

∞

=
∞→ ∑∑ nn

n
n

n
nn

 (1.5) 
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Reich [11] extended the result of Wittmann to the class of Banach spaces, 
which are uniformly smooth and have weakly sequentially continuous 
duality mappings. 

In 2000, Moudafi [10] introduced viscosity approximation method and 
proved that, if E is a real Hilbert space, for given ,0 Kx ∈  the sequence 

{ }nx  generated by the algorithm: 

( ) ( ) ( ) ,0,1:1 ≥α−+α=+ nxTxfx nnnnn  (1.6) 

where KKf →:  is a contraction mapping with constant ( ),1,0∈β  and 

{ } ( )1,0⊆αn  satisfies certain conditions, converges strongly to a fixed 

point of T in K, which is the unique solution to the following variational 
inequality: 

( ) ( ).,0, TFxxxxfI ∈∀≥−− ∗∗  

Moudafi in [10], generalizes Browder’s and Hapern’s theorems in the 
direction of viscosity approximations. Viscosity approximations are very 
important because they are applied to convex optimization, linear 
programming, monotone inclusions, and elliptic differential equations. 

In 2004, Xu [14] studied further the viscosity approximation method 
for non-expansive mappings in uniformly smooth Banach spaces. This 
result of Xu [14] extends Theorem 2.2 of Moudfi [10] to Banach space 
setting. For details on the iterative methods, we refer the reader to [1]. 

Our concern now is the following. Is it possible to construct a   
viscosity approximation sequence, which converges to a common fixed 
point of a finite family of generalized asymptotically quasi-nonexpansive 
mappings in Banach spaces? 

Let K be closed and convex subset of a Banach space E. Let →KTi :  

,,,2,1, NiK …=  be a finite family of generalized asymptotically quasi-

nonexpansive mappings with ( ) ,0: 1 /≠= ≥ i
N
i TFF ∩  which is a sunny 

nonexpansive retract of K. Let KKf →:  be a contraction. We consider 
the problem of finding 
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Kx ∈  such that ( )( ),xfQx =   (1.7) 

where FKQ →:  is a sunny nonexpansive retraction. We observe that 
x  is a unique solution. Indeed, since F is a sunny nonexpansive retract of 
K, we have that ( )fQ  is contraction. It follows from the standard Banach 
contraction principle that the point x  is unique in (1.7). 

For ,0 Kx ∈  let { }nx  be generated by the algorithm 

( ) ( ) ( ) ,1,0,1:1 ≥≥α−+α=+ njxTxfx n
n
jnnnn  (1.8) 

where { } ( )1,0⊆αn  satisfies the following conditions: 

( ) ( ) .ii;0limi
1

∞=α=α ∑
∞

=
∞→ n

n
nn

 

Then { }nx  is said to satisfy condition (A), if for any subsequence ,xx kn   

and ( ) 01 →−+ nnn xTx  implies .Fx ∈  

It is our purpose in this paper to prove the convergence of viscosity 
approximation scheme (1.8) to a common fixed point of a finite family of 
generalized asymptotically quasi-nonexpansive mappings more general 
class of mappings in Banach spaces. This provides an affirmative answer 
to the above question. 

2. Preliminaries 

Let EK ⊆  be closed convex and Q be a mapping of E onto K. Then Q 

is said to be sunny, if ( ) ( )( )( ) ( ),xQxQxtxQQ =−+  for all Ex ∈  and .0≥t  

A mapping Q of E into E is said to be retraction, if .2 QQ =  If a mapping 

Q is a retraction, then ( ) zzQ =  for every ( ),QRz ∈  where ( )QR  is the 

range of Q. A subset K of E is said to be a sunny nonexpansive retract of 
E, if there exists a sunny nonexpansive retraction of E onto K, and it is 
said to be a nonexpansive retract of E, if there exists a nonexpansive 
retraction of E onto K. If ,HE =  the metric projection KP  is a sunny 

nonexpansive retraction from H to any closed convex subset of H. 
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In what follows, we shall make use of the following lemmas. 

Lemma 2.1 (See, e.g., [3]). Let E be a smooth Banach space and K be 
a nonempty subset of E. Let KEQ →:  be a retraction and J be the 

normalized duality map on E. Then, the following are equivalent: 

(i) Q is sunny nonexpansive; 

(ii) ( ) ( )( ) .0, KyandExallforxQyJxQx ∈∈≤−−  

We note that Lemma 2.1 still holds, if the normalized duality map J is 
replaced with the general duality map ,ϕJ  where ϕ  is a guage function. 

Lemma 2.2 (See, e.g., [7]). Let { } { },, nn ba  and { }nδ  be sequences of 

nonnegative real numbers satisfying the inequality 

( ) .11 nnnn baa +δ+≤+  

If ∞<δ∑∞
= nn 1  and ,1 ∞<∑∞

= nn b  then nn a∞→lim  exists. In particular, 

if { }na  has a subsequence converging to zero, then .0lim =∞→ nn a  

Lemma 2.3 (See, e.g., [13]). Let { }na  be a sequence of nonnegative 

real numbers satisfying the following relation: 

( ) ,0,11 ≥µα+α−≤+ naa nnnnn  

where ( ) ( ) .ii;10i 1 ∞=α<α< ∑∞
= nnn  Suppose, either (a) ( ),nn o α=σ  

or (b) ,1 ∞<σ∑∞
= nn  where ,nnn µα=σ  or (c) .0suplim ≤µ∞→ nn  Then 

0→na  as .∞→n  

Let Φ  be defined as in (1.1). Then, the next lemma is an immediate 
consequence of the subdifferential inequality. 

Lemma 2.4 (See, e.g., [5]). Let E be a real Banach space. Then for all 
,, Eyx ∈  we get that 

( ) ( ) ( ) .,, ϕϕϕ ∈∀++Φ≤+Φ Jjyxjyxyx  (2.1) 
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3. Main Results 

Theorem 3.1. Let K be a nonempty closed convex subset of a real 
reflexive Banach space E, that has weakly continuous duality mapping 

ϕJ  for some guage .ϕ  Let ,,,2,1,: NiKKTi …=→  be a finite family 

of generalized asymptotically quasi-nonexpansive mappings with respect 

to { }inr  and { }ins  such that ( ) ,0:
1

/≠=
=

i
N

i
TFF ∩  and 

( ) ( ) ( ),1212311 NNNNN TTTTFixTTTTFixTTFixF …"…… −−====  

and F is sunny nonexpansive retract of K with Q, a nonexpansive 

retraction, and ,1
2

1
∞<

−
+∑

∞

= n
nn

n s
sr  where { }Nirr inn ,,2,1:max …==  

and { }.,,2,1:max Niss inn …==  For given ,0 Kx ∈  let { }nx  be 

generated by the algorithm 

( ) ( ) ( ) ,1,0,1:1 ≥≥α−+α=+ njxTxfx n
n
jnnnn  (3.1) 

where nn TT =  mod N, where KKf →:  is a contraction mapping with 

constant ( )1,0∈β  and { } ( )1,0⊆αn  satisfies the following conditions: 

( ) ( ) .ii;0limi
1

∞=α=α ∑
∞

=
∞→ n

n
nn

 

Suppose that { }nx  satisfies condition (A). Then, { }nx  converges strongly 

to a common fixed point ( )( )xfQx =  of a finite family ,,,2,1, NiTi …=  

as .∞→n  Moreover, x  is the unique solution in F to the variational 
inequality 

( ) ( ) .,0, Fyxyjxxf ∈∀≤−− ϕ  (3.2) 

Proof. Let ( ) .0
1

/≠∈
=

i
N

i
TFp ∩  Then from (1.2), we obtain that 

pxTpxxTx n
n
jnn

n
jn −+−≤−  
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( ) n
n
jnjnnjnn xTxspxrpx −+−++−≤ 1  

( ) n
n
jnjnnjn xTxspxr −+−+≤ 2  

( ) ,2 n
n
jnnnn xTxspxr −+−+≤  

which implies that 

.1
2 pxs

rxTx n
n
n

n
n
jn −

−
+

≤−  (3.3) 

Therefore, it follows from (1.2), (3.1), and (3.3) that 

( ) ( ) ( ) ( ) pppfppfxpx nnnnnn −α−+α+α−−α−=− ++ 1111  

( ) ( ) ( ) ( ) pppfppfx nnnnn −α−+α+α−−α−≤ + 111  

( ) ( ) ( ) ( ) ( ) ( ) ppfppfxTxfa nnnn
n
jnnn −α+α−−α−α−+≤ 11  

( ( ) ( )) ( ) ( ( ) ) ( ) ppfpxTpfxf nn
n
jnnn −α+−α−+−α= 1  

( ) ( ) ( )[ ]n
n
jnjnnjnnnn xTxspxrpx −+−+α−+−βα≤ 11  

( ) ppfn −α+  

( ) ( ) )( pxrpx nnnnn −+α−+−βα≤ 11  

( ) ( ) ( ) ppfxTxs nn
n
jnnn −α+−α−+ 1  

( ) ( )[ ] ( ) pxs
rspxr n
n
n

nnnnnn −
−
+

α−+−+α−+βα≤ 1
2111  

( ) ppfn −α+  

( ) ( ) ( ) ppfpxs
sr

nn
n

nn
nn −α+−





−
++

α−+βα= 1
11  

( )[ ] ( ) .1 ppfpxk nnnnn −α+−α−+βα=  
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We can write the above inequality as follows 

( ) ,11 nnnn bpxpx +−δ+≤−+  (3.4) 

where ( ( ) ) ,11 −α−+βα=δ nnnn k  and ( ) ,ppfb nn −α=  and =nk  

.1
1

n
nn

s
sr

−
++  Since 1→nk  as ,∞→n  we can see that 

.,
11

∞<∞<δ ∑∑
∞

=

∞

=
n

n
n

n
b  (3.5) 

It follows from Lemma 2.2 that pxnn
−

∞→
lim  exists, and hence the 

sequence { }nx  is bounded. Furthermore, since ,0/≠F  we get that 

{ ( )}nxf  and { ( )}n
n
j xT  are bounded. But this implies that 

( ) ( ) ( ) .as,01 ∞→→−α=−+ nxTxfxTx n
n
nnnn

n
nn  

In particular, we have that 

( ) .as,01 ∞→→−+ nxTx nnn  (3.6) 

Next, we show that 

( ) ( ) .0,suplim 1 ≤−− +ϕ
∞→

xxjxxf n
n

 

Since E is reflexive and { }nx  is bounded, we may assume ωknx  such 

that 

( ) ( ) ( ) ( ) .,lim,suplim 1 xxjxxfxxjxxf knkn
n

−−=−− ϕ∞→+ϕ
∞→

 

Then from (3.6) and our assumption, we obtain that .F∈ω  On the other 
hand, from the standard characterization of retraction onto F and the 
assumption that, the duality mapping ϕJ  is weakly continuous, Lemma 

2.1 gives that 

( ) ( ) ( ) ( )xxjxxfxxjxxf knkn
n

−−=−− ϕ∞→+ϕ
∞→

,lim,suplim 1  

( ) ( )xjxxf −ω−= ϕ,  

.0≤  (3.7) 
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Finally, we show that xxn →  as .∞→n  From (3.1) and Lemma 2.4, we 

get that 

)( ( ( ( ) ( )) ( ) ( ( ) )xxTxfxfxx n
n
innnn −α−+−αΦ=−Φ + 11  

( ( ) ) )xxfn −α+  

( ( ( ) ( )) ( ) ( ( ) ) )xxTxfxf n
n
innn −α−+−αΦ≤ 1  

( ) ( )xxjxxf nn −−α+ +ϕ 1,  

( ( ) ( )[ xxrxx nnnnn −+α−+−βαΦ≤ 11  

( ) ] ) ( ) ( )xxjxxfxTxs nnn
n
inn −−α+−+ +ϕ 1,  

( ( ) ( ) xxrxx nnnnn −+α−+−βαΦ≤ 11  

( ) ) ( ) ( )xxjxxfxxs
rs nnn
n
n

nn −−α+−
−
+

α−+ +ϕ 1,1
21  

( )[ ]( ) ( ) ( )xxjxxfxxk nnnnnn −−α+−α−+βαΦ≤ +ϕ 1,1  

( )[ ] ( ) ( ) ( ) .,1 1 xxjxxfxxk nnnnnn −−α+−Φα−+βα≤ +ϕ  

We can write the above inequality as follows 

( ) ( ) ( ) ( ) ( ) ( ) ,,1 11 xxjxxfaaxxaxx n
n
n

nnnn −−
α

+−Φ−≤−Φ +ϕ+  

where [ ( )] nnnn ka α−+βα−= 11  and 11
1

→
−
++

=
n

nn
n s

srk  as .∞→n  

We can see that (i) 10 << na  and (ii) .1 ∞=∑∞
= nn a  Thus, (3.7) and 

Lemma 2.3 give that xxn →  as .∞→n  Moreover, x  satisfying 

condition (3.2) follows from the property of Q. To show it is unique, let 
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Fy ∈  be another solution of (3.2) in F. Then adding               

( ) ( ) 0, ≤−− ϕ xyjxxf  and ( ) ( ) ,0, ≤−− ϕ yxjyyf  we get that 

( ) ( )yx −β−1  .0≤− yx  This gives .yx =  This completes the proof.  

  

Remark 3.2. If, in Theorem 3.1, K is a compact subset of a real 
smooth Banach space E, then the weak continuity of ϕJ  may not be 

needed. In fact, we have the following corollary. 

Corollary 3.3. Let K be a nonempty convex and compact subset of a 
real smooth Banach space E. Let ,,,2,1,: NiKKTi …=→  be a finite 

family of generalized asymptotically quasi-nonexpansive mappings with 

( ) ,0: 1 /≠= = i
N
i TFF ∩  which is a sunny nonexpansive retract of K with Q, a 

nonexpansive retraction. For given ,0 Kx ∈  let { }nx  be generated by the 

algorithm 

( ) ( ) ( ) ,1,0,1:1 ≥≥α−+α=+ njxTxfx n
n
jnnnn  (3.8) 

where nn TT =  mod N, and KKf →:  is a contraction mapping with 

constant ( )1,0∈β  satisfies the following conditions: (i) ;0lim =α∞→ nn  

(ii) .1 ∞=∑∞
= nn a  Suppose that { }nx  satisfies condition (A). Then { }nx  

converges strongly to a common fixed point ( )( )xfQx =  of ,2,1, =iTi  

,, N…  as .∞→n  Moreover, x  is the unique solution in F to the 

following variational inequality: 

( ) ( ) .,0, Fyxyjxxf ∈∀≤−− ϕ  (3.9) 

Proof. Following the method of proof of Theorem 3.1, we get that 

( ) .as01 ∞→→−+ nxTx nnn  (3.10) 

Next, we show that 
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( ) ( ) .0,suplim 1 ≤−− +ϕ
∞→

xxjxxf n
n

 

Since K is compact and { }nx  is bounded, we can assume that there exists 

a subsequence { }knx  of { }nx  such that ,Kx kn ∈ω→  

( ) ( ) ( ) ( ) .,lim,suplim 1 xxjxxfxxjxxf knkn
n

−−=−− ϕ∞→+ϕ
∞→

 

Then from (3.10) and our assumption, we obtain that .F∈ω  On the 
other hand, from the fact that E is smooth, the duality mapping ϕJ  being 

norm to ∗weak  continuous and the standard characterization of 
retraction onto F, we obtain that 

( ) ( ) ( ) ( )xxjxxfxxjxxf knkn
n

−−=−− ϕ∞→+ϕ
∞→

,lim,suplim 1  

( ) ( )xjxxf −ω−= ϕ,  

.0≤  

Now, following the proof of Theorem 3.1, we get the required result. This 
completes the proof.  

Remark 3.4. Our results extend and improve the corresponding 
results of Moudafi [10], and extend the corresponding result of Xu [14], 
Chang [4] to a more general class of nonexpansive mappings. 
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