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Abstract

Let K be a nonempty closed convex subset of a real reflexive Banach spaces E that

has weakly continuous duality mapping JIP’ for some guage ¢. Let
T, K > K,i=1,2,..., N be a finite family of generalized asymptotically

N

quasi-nonexpansive mappings with F = ﬂl>1

F(T;)# 0, which is a sunny
nonexpansive retract of K with @, a nonexpansive retraction. For xg € K, let
{x,} be generated by the algorithm x,,1 = o,f(x,)+ (1 - a, )Tj"(xn),
j20,n>1, where f: K — K is a contraction mapping, and let {a,} < (0,1) be

a sequence satisfying certain conditions. Suppose that {x, } satisfies condition (A).
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Then, it is proved that {x,} converges strongly to a common fixed point
X = Qf(x) of a finite family 7;,i=1,2, ..., N. Moreover, x is the unique

solution in F'to a certain variational inequaliy.

1. Introduction

Let E be a real Banach space with dual E*. A guage function is a con-

tinuous strictly increasing function ¢ : R* — R™, such that ¢(0) =0
and lim,_,,, @(t) = . The duality mapping J,, : E - E” associated with
a guage function ¢ is defined by o, = {u" : (x, u") = || - [u"||, |u*| =

o(|x[)}, x € E, where (.,.) denotes the generalized duality pairing. In
the particular case o(t) = ¢, the duality map J =, is called the

_ o(l=))

normalized duality map. We denote that J, = J(x). It is known

I

that, if E is smooth, then o/, " is single valued and norm to w" continuous

(see, e.g., [5]).

Following Browder [2], we say that a Banach space E has weakly
continuous duality mapping, if there exists a guage function ¢, for which

the duality map Jo is single valued and weak to weak” sequentially
continuous (i.e., if {x, } is a sequence in E weakly convergent to a point x,

then the sequence {J,(x, )} converges weak™ to ,(x)).

It is known that [”(1 < p < ») spaces have a weakly continuous

duality mapping J,, with a guage ¢(t) = t* -1

Setting
t
o) = j o(t)dT, t >0, (1.1)
0

one can see that ®(t) is a convex function and J,(x) = dd(|jx|), for

x € E, where 0 denotes the subdifferential in the sense of convex

analysis.
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Let K be a nonempty closed convex subset of a real Banach space E. A
mapping T : K - E 1is called generalized asymptotically quasi-

nonexpansive with respect to sequence {r,} and {s,} c [0,1) with
r, >0 and s, > 0 as n > o, if Vx € K and p € F(T), the following
inequality holds:

[T"x - p| < @ +1,)|x = p| + spllx =T x|, n=1, (1.2)

where F(T):={x € K : T(x) = x} # 0. T is called quasi-nonexpansive, if
|[Tx - p|| < |lx = p||, Vx € K, and p € F(T), and T is called nonexpansive,
if |Tx - y|| < |x — 5|, V&, ¥y € K. It is clear that a nonexpansive mapping
T with F(T) # 0 is quasi-nonexpansive, and itis known that every quasi-

nonexpansive mapping is generalized asymptotically quasi-nonexpansive

(see, e.g., [7]). The converse is not true. For a sequence {a,} € (0, 1) and
an arbitrary u € K, let the sequence {x, } € K be iteratively defined by

Xo € K,
Xpi1 = Opqtt + (1 =0,y T(x,), n =0, (1.3)

where T'is a nonexpansive mapping of K into itself.

Hapern [6] was the first to study the convergence of the algorithm
(1.3) in the framework of Hilbert spaces. Lions [9] improved the result of
Hapern, still in Hilbert spaces, by proving strong convergence of {x, } to

a fixed point of 7, if the real sequence {a,} satisfies the following

conditions:
(i) lim @, = 0; (i) D o, =0 and (iii) lim “2=1=L 0. (1.4)

n—o n—ow 0L2
n=1 n

Wittmann [12] proved, still in Hilbert spaces, the strong convergence of

{x,}, if {a, } satisfies the following conditions:

(i) lim o, = 0; (ii) Zan = o0; and (iii) Z|an+1 —a,| <o (15)
n=1 n=1

n—o



318 JAMNIAN NANTADILOK

Reich [11] extended the result of Wittmann to the class of Banach spaces,
which are uniformly smooth and have weakly sequentially continuous

duality mappings.
In 2000, Moudafi [10] introduced viscosity approximation method and
proved that, if E is a real Hilbert space, for given x; € K, the sequence

{x, } generated by the algorithm:
Xpiq = opflx,)+(1-0a, ) (x,), n=0, (1.6)

where f : K — K 1is a contraction mapping with constant B € (0, 1), and
{a,,} = (0,1) satisfies certain conditions, converges strongly to a fixed

point of T in K, which is the unique solution to the following variational

inequality:
((I-fa", x-x") 20, vx e F(T).

Moudafi in [10], generalizes Browder’s and Hapern’s theorems in the
direction of viscosity approximations. Viscosity approximations are very
important because they are applied to convex optimization, linear

programming, monotone inclusions, and elliptic differential equations.

In 2004, Xu [14] studied further the viscosity approximation method
for non-expansive mappings in uniformly smooth Banach spaces. This
result of Xu [14] extends Theorem 2.2 of Moudfi [10] to Banach space

setting. For details on the iterative methods, we refer the reader to [1].

Our concern now is the following. Is it possible to construct a
viscosity approximation sequence, which converges to a common fixed
point of a finite family of generalized asymptotically quasi-nonexpansive
mappings in Banach spaces?

Let K be closed and convex subset of a Banach space E. Let T} : K —
K,i=1,2,..., N, be a finite family of generalized asymptotically quasi-
nonexpansive mappings with F = ﬂgl F(T;) # 0, which is a sunny
nonexpansive retract of K. Let f : K — K be a contraction. We consider

the problem of finding
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X € K such that x = Q(f(x)), 1.7

where @ : K — F is a sunny nonexpansive retraction. We observe that
X 1s a unique solution. Indeed, since F'is a sunny nonexpansive retract of
K, we have that Q(f) is contraction. It follows from the standard Banach

contraction principle that the point x is unique in (1.7).

For xy € K, let {x, } be generated by the algorithm
Xpi1 = 0pf(x, )+ (1 -0, )Tjn(xn), jz0,n21, (1.8)

where {a, } < (0, 1) satisfies the following conditions:

(i) lim a, =0; (i) ian = oo,

n—»
n=1

Then {x, } is said to satisfy condition (A), if for any subsequence Xy~ %,

and x,,; — T,,(x,,) > 0 implies x € F.

It is our purpose in this paper to prove the convergence of viscosity
approximation scheme (1.8) to a common fixed point of a finite family of
generalized asymptotically quasi-nonexpansive mappings more general
class of mappings in Banach spaces. This provides an affirmative answer

to the above question.
2. Preliminaries

Let K < E be closed convex and @ be a mapping of E onto K. Then
is said to be sunny, if Q(Q(x)+ t(x — Q(x))) = Q(x), forall x € E and ¢t > 0.

A mapping @ of E into E is said to be retraction, if Q2 = @. If a mapping
@ is a retraction, then Q(z) = z for every z € R(Q), where R(Q) is the
range of @. A subset K of E is said to be a sunny nonexpansive retract of
E, if there exists a sunny nonexpansive retraction of E onto K, and it is
said to be a nonexpansive retract of E, if there exists a nonexpansive

retraction of E onto K. If E = H, the metric projection Py is a sunny

nonexpansive retraction from H to any closed convex subset of H.
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In what follows, we shall make use of the following lemmas.

Lemma 2.1 (See, e.g., [3]). Let E be a smooth Banach space and K be
a nonempty subset of E. Let @ : E — K be a retraction and J be the

normalized duality map on E. Then, the following are equivalent:
(1) @ is sunny nonexpansive;

(i) (x - Q(x), J(y — Q(x))) < 0 for all x € E and y € K.

We note that Lemma 2.1 still holds, if the normalized duality map </ is

replaced with the general duality map /,, where ¢ is a guage function.

(p7
Lemma 2.2 (See, e.g., [7]). Let {a, }, {b,}, and {5, } be sequences of
nonnegative real numbers satisfying the inequality

apq <(1+3,)a, +b,.

If Z:Zlén < o and Z:Zlbn < o, then lim,_,, a, exists. In particular,
if {a,} has a subsequence converging to zero, then lim,,_, a, = 0.

Lemma 2.3 (See, e.g., [13]). Let {a,} be a sequence of nonnegative
real numbers satisfying the following relation:

ap <1 -a,)a, +o,u,, n=0,

where (1) 0 < a,, < 1; (ii) Z:zlan = . Suppose, either (a) 5, = o(a, ),

or (b) Z:zlcn < oo, where o, = o,U,, or (¢) limsup,_,, u, < 0. Then

a, > 0asn— o

Let ® be defined as in (1.1). Then, the next lemma is an immediate

consequence of the subdifferential inequality.

Lemma 2.4 (See, e.g., [5]). Let E be a real Banach space. Then for all
x, y € E, we get that

Ol + 5) < Ox])) + (3, Jolx +3)), Vi € Iy 2.1)
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3. Main Results

Theorem 3.1. Let K be a nonempty closed convex subset of a real
reflexive Banach space E, that has weakly continuous duality mapping
Jo for some guage 9. Let T; : K > K,i=1,2,..., N, be a finite family

of generalized asymptotically quasi-nonexpansive mappings with respect

N
to {r;,} and {s;,} such that F = ﬂF(Ti) # 0, and
1=1

F = Fix(Ty ...Ty) = Fix(1Ty ... T3Ty) = --- = Fix(Tn_1Tn_2 ... ThTN ),
and F is sunny nonexpansive retract of K with @, a nonexpansive

r, + 2s,

T < where 1, = max{r, :i=1,2,..., N}
n

0
retraction, and Z
n=1

and s, = max{s;, :i=1,2,..., N}. For given xy, € K, let {x,} be

generated by the algorithm
Xn+1 = anf(xn ) + (1 — Oy )T]n(xn )’ J=20,n21, (3.1)

where T, =T, mod N, where f : K — K is a contraction mapping with

constant B € (0, 1) and {a,} < (0, 1) satisfies the following conditions:

n—

(i) lim o, = 0; (i) Doy =
n=1

Suppose that {x,} satisfies condition (A). Then, {x, } converges strongly
to a common fixed point x = Q(f(x)) of a finite family T;, i =1, 2, ..., N,
as n — «©. Moreover, x is the unique solution in F to the variational

inequality

(F@)-%, jo(y-%) <0, ¥y e F. (3.2)

N
Proof. Let p € (| F(T;) # 0. Then from (1.2), we obtain that

1=1

"xn - Tjnxn " < "xn - p" * "Tjnxn - p"
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<y = pll+ U+ 75 M = Bl + Sjnllxn — TPy |
< 2+ rjp Yo = Pl + sjnlln = Tjn|
< (24 m)xn = Pl + sullxn = T2,

which implies that

[E— Tjnxn | < — . |x, — p|- (3.3)

Therefore, it follows from (1.2), (3.1), and (3.3) that
l%p1 = 2l = |xp1 = 0nf(P) = (1 = ap)p + oy f(p) + (1 = oy, )p = P
< lxps1 = anf(p) = (1= oy )pl| +llot f(R) + (1 = @ )p — P
< an (s )+ (L= T (6 ) =0 ()~ (1= )l + t | (2)
— Jon (£ ) = F(P)) + (1= 0 ) (T () = P + et () ~ ]
< oy = ol + (1= ) [0+ 7)o = ol + gl — T )]
+a,||f(p) - P
< (cnBlry = pll+ (=) @ + 1) - 2 )
(L= Jsulln = T (e )| + anf(2) ~ o

2+rn”
n

< onp+ (1= o) (@ + 1)|[0n - B + (1 = )50 |

+ao, [F(p) - Pl

(- o) () s, — ]+ ) -

= [+ (1 =t Vo I = Bl + 0llF ) - B
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We can write the above inequality as follows
[%n41 — 2l < (1 +38,)|x, — p| + by, (3.4)

where §, = (a,p+(1-0a,)k,)-1, and b, = a,|f(p)-p|, and k&, =

1+rn,+s,

T . Since k, —> 1 as n — oo, we can see that

i&n < o, ibn < o, (3.5)
n=1 n=1

It follows from Lemma 2.2 that lim|x, — p| exists, and hence the
n—oo

sequence {x,} is bounded. Furthermore, since F = 0, we get that

{f(x,)} and {Tjn(xn )} are bounded. But this implies that

et = T2 = ol )~ T2 (e )| > 0, a5 7 >
In particular, we have that
[€n41 — Tp(x, )| & 0, as n — oo (3.6)
Next, we show that

lim sup(f(¥) - ¥, jo (%41 —X) < 0.
n—o

Since E is reflexive and {x, } is bounded, we may assume x,, ~® such

ny,
that

lim Sup(f(f) - X, j(p(anrl - f)) = lim <f(3?) - f’ j(p(xnk - E))

n—o k—o0

Then from (3.6) and our assumption, we obtain that ® € F. On the other
hand, from the standard characterization of retraction onto F and the
assumption that, the duality mapping Jo is weakly continuous, Lemma

2.1 gives that

lin Sup(f(7) - %, Jo (.1 — %)) = Jim (/) = %, o, — 7))

= (f(f)_f’ j(p(m_f)>

< 0. 3.7
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Finally, we show that x,, > x as n —> . From (3.1) and Lemma 2.4, we

get that
(Jxe1 — 1) = e (Fx,) — FE) + (1= ) (T () - )]
+ o (f®) - 7))
< oo (F(0) ~ £E) + (1~ @ ) (T () - )]
ftn ([E) - %, gl — )
< @ o Ble, ~ F+ (1 - 0,1+ )%, - 5
+8plt = T e ] )+ 0 fE) =, Jio(ar — )

< 0 oy — F] + (1= o) (1 + 1) |2 — |

(U= o oty = T ) 0 F(E) = F, g1~ F)

< [0+ (1=t Yoy e — E ) 0 (FE) ~ F, (01~ 5))

<[ B+ (1=t Vo J0 ([ =]}t (FE) =5, o (011 ~ )

We can write the above inequality as follows
_ _ o, = . _
(|1~ 7] ) < (1= @ )0, = 7 )+ @0 (52 ) FE) - F, gl - F)),
n

1+r, +s,

—>1 as n > oo.
1-s,

where a, =1-[a,p+(1-a,)]k, and k, =

We can see that (i) 0 <a, <1 and (i) > _ a, = . Thus, (3.7) and
Lemma 2.3 give that x, > x as n — o. Moreover, x satisfying

condition (3.2) follows from the property of @. To show it is unique, let
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yeF Dbe another solution of (3.2) in F. Then adding
(f®)-F jo3-%) <0 and (f(5)-7F jp(¥-3) <0, we get that

@ -B)(x = 3]) |x - ¥ < 0. This gives ¥ = y. This completes the proof.
O

Remark 3.2. If, in Theorem 3.1, K is a compact subset of a real

smooth Banach space E, then the weak continuity of J, may not be

needed. In fact, we have the following corollary.

Corollary 3.3. Let K be a nonempty convex and compact subset of a

real smooth Banach space E. Let T; : K —> K,i=1,2,..., N, be a finite
family of generalized asymptotically quasi-nonexpansive mappings with
F = ﬂf\il F(T;) # 0, which is a sunny nonexpansive retract of K with @, a
nonexpansive retraction. For given x, € K, let {x, } be generated by the

algorithm

Xpiq = o f(x,)+(1-a, )Tjn(xn), j=>0,n2>1, (3.8)
where T, =T, mod N, and [ : K > K is a contraction mapping with
constant B € (0, 1) satisfies the following conditions: (i) lim,_,, o, = 0;
(i1) Zlean = . Suppose that {x,} satisfies condition (A). Then {x,}
converges strongly to a common fixed point X = Q(f(x)) of T;,i =1, 2,

..., N, as n — o. Moreover, x is the unique solution in F to the

following variational inequality:
(f(®)-X, jo(y -%)) <0,Vy e F. (3.9)
Proof. Following the method of proof of Theorem 3.1, we get that
[%n41 = T (x, )| > 0 as n — oo (3.10)

Next, we show that



326 JAMNIAN NANTADILOK

lim sup(f(x) = ¥, jo(%,41 — X)) < 0.

n—o
Since K is compact and {x,, } is bounded, we can assume that there exists
a subsequence {x,, } of {x,} suchthat x, — o€ K,

h?_i}jP(f(E) - X, j(p(xn+1 - E» = klg%)(f(f) - X, j(p(xnk - E))

Then from (3.10) and our assumption, we obtain that ® € F. On the

other hand, from the fact that £ is smooth, the duality mapping </, being

norm to weak” continuous and the standard characterization of

retraction onto F, we obtain that

lim Sup(f(7) - %, Jo (. — %)) = Jim (/) = %, ol — 7))

= (f(x) - %, jolo - %))
<0.

Now, following the proof of Theorem 3.1, we get the required result. This
completes the proof. O

Remark 3.4. Our results extend and improve the corresponding
results of Moudafi [10], and extend the corresponding result of Xu [14],
Chang [4] to a more general class of nonexpansive mappings.
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